Abstract. We study varieties of complexes of projective modules with fixed ranks, and relate these varieties to the varieties of their homologies. We show that for an algebra of global dimension at most two, these two varieties are related by a pair of morphisms which are smooth with irreducible fibres.
Introduction
Let k be an algebraically closed field. For a finite dimensional k-algebra A, Huisgen-Zimmermann and Saorin [7] define an affine variety which parameterizes bounded complexes of A-modules. Jensen, Su, and Zimmermann [2] use varieties of complexes of projective modules to study degeneration in derived categories. These varieties, denoted by comproj A d , are defined as the affine variety of all differentials (∂ i ) i∈Z for a fixed choice of projective modules with multiplicities of indecomposable projective summands encoded by a sequence of vectors d = (d i ) i∈Z , called a dimension array. In [3] Jensen and Su use these to show that there is a well-defined notion of type of singularity in the derived category of a finite dimensional algebra, and prove that this type coincides with the type of singularity for the homology for hereditary algebras.
The purpose of this paper is to study geometric properties of varieties of complexes of projective modules with a fixed rank and to relate properties of these varieties to varieties of representations via the homology functor.
Let Λ denote a k-algebra of global dimension at most two. We define comproj Λ d,r to be subset of comproj Λ d where the differential ∂ = (∂ i ) i∈Z has fixed ranks encoded in the sequence of dimension vectors r. Rank is an lower semi-continuous function on comproj Λ d , and so we have a disjoint union of locally closed subsets
We construct a variety comhom Λ d,r whose points are complexes together with their homology, and two morphisms π and ρ
rep Λ h such that ρ π −1 (X) is in the orbit of the homology H * (X) for all X ∈ comproj Λ d,r and rep Λ h is the variety of Z-graded Λ-modules with dimension vectors given by the sequence h. Our main result is the following Theorem 1. The morphisms π and ρ are smooth with irreducible rational fibres.
We prove the theorem by showing that ρ and π are compositions of open immersions, vector bundles and G-bundles for irreducible algebraic groups G.
We have an application of our result.
Corollary 2.
There is a bijection between the set of irreducible components of comproj Λ d,r and the irreducible components of im(ρ). We also have the following special case. The remainder of this paper is organized as follows. In Section 1 we recall basic definitions on representations of quivers and the definition of the variety comproj Λ d . In Section 2 we give the definition of comhom Λ d,r and the morphisms π and ρ. The smoothness of π and ρ are proved in Section 3, and in Section 4 we discuss some applications and examples.
Preliminaries
In this section we recall some facts on varieties of representation of quivers and varieties of complexes. For details, we refer to [1] , [5] , [3] and [2] . Note that the assumption algebra on global dimension at most two is not needed in the sequel of this section.
Representations of Quivers.
A quiver Q consist of a set of vertices Q 0 , a set of arrows Q 1 and two maps s, e : Q 1 → Q 0 which assign to each arrow α ∈ Q 1 its source and end vertex, respectively. The path algebra kQ has basis equal to the set of paths in Q, and multiplication of two paths β and α is the composed path βα, if α ends where β starts, and zero otherwise. Any finite dimensional algebra Λ is Morita equivalent to an algebra kQ/I for an admissible ideal I. For simplicity we assume that Λ = kQ/I.
A representation V = (V a , V α ) a∈Q 0 ,α∈Q 1 of a quiver Q consists of a Q 0 -graded vector space, i.e. a family of vector spaces V a indexes by the vertices a ∈ Q 0 , together with a family of linear maps V α : V s(α) → V e(α) indexed by the arrows α ∈ Q 1 . The dimension vector dim (V ) ∈ N Q 0 of V is the vector with components dim k (V a ). A representation of (Q, I) is a representation with maps that satisfy the relations I.
A homomorphism ϕ : V → W between two representations V and W is a family of k-linear maps (ϕ a : V a → W a ) a∈Q 0 such that for any arrow α : a → b the equality W α • ϕ a = ϕ b • V α holds. The vector space of homomorphisms, denoted by Hom Λ (V, W ) is therefore a subspace of the space of Q 0 -graded maps Hom(V, W ) = a∈Q 0 Hom(V a , W a ). By the rank rank(f ) of a homomorphism we mean the dimension vector of the image im(f ). The kernel of f is denoted by ker(f ).
The category of representations is equivalent to the category of finitedimensional left Λ-modules. We use this equivalence to identify modules with representations, and vice versa. 
Let Θ be the Cartan matrix of Λ with rows and columns indexed by Q 0 . That is, Θ is defined as the matrix with
Following [3] , for every sequence of dimension vectors d :
consisting of sequences of maps ∂ i : 
For a sequence r :
In this section we will construct a variety comhom Λ d,r consisting of complexes together with their homology. Recall that Λ is assumed to be an algebra of global dimension at most 2.
Let (
with k i equal the dimension vector of the kernel of ∂ i−1 and h i the dimension vector of homology in degree i − 1. That is,
Proof. For any i, the sequence
is the start of a projective resolution of
, and so ker (∂ i ) is projective, since Λ has global dimension at most 2.
The lemma allows us to fix projective representations
By the isomorphism theorem, we have
The surjectivity of γ i implies that γ i has a right inverse γ
. On the other hand, by the isomorphism theorem and the injectivity of η i , we obtain
Now, we define comhom Λ d,r to be the locally closed subvariety of the affine space
consisting of tuples and representations
has rank r i , and γ i is an epimorphism. By Lemma
which admits an action by
where ρ(π −1 (X)) is the Gl h -orbit of the homology of the complex X. Also, π(ρ −1 (Y )) is the set of complexes X, with H * X ∼ = Y . The actions lift to an action of
Moreover, given Z, Z ′ ∈ comhom Λ d,r , Z and Z ′ are conjugate if and only if π(Z) and π(Z ′ ) are conjugate. If Z and Z ′ are conjugate, then ρ(Z) and ρ(Z ′ ) are conjugate, but the converse is not true in general, as complexes are not determined by their homology in global dimension two.
The map π is surjective. We describe the image of ρ. Let
be the subset of representations (H i ) i∈Z which admit a presentation
The following lemma is well known, but we include it for the sake of completeness. , see [6] for details. The dimension of Ext 0 (H, S a ) and Ext 1 (H, S a ) are equal to the multiplicities of the projective P a in the first and second projective, respectively, of a minimal projective presentation of H.
Therefore it follows that the set of representations H admitting a projective presentation P → M →
be a projective resolution of H i , for all i ∈ Z. The tuple (η i φ i , φ i , η i , γ i , H i ) i∈Z maps onto (H i ) i∈Z , and so im(ρ) ⊇ rep Λ h,r . Remark 8. It is possible to define a variety comhom Λ d,r , and maps π and ρ, for any algebra Λ, by considering tuples
Proof of the theorem
The aim of this section is to prove the main theorem stated in the introduction. That is, that the two morphisms π and ρ, defined in the previous section, are smooth with irreducible rational fibres. We do so by showing that they are compositions of isomorphisms, principal G-bundles, open immersions, and vector bundles.
Recall the following fact from elementary linear algebra, which has a consequence that right and left inverses of matrices of full rank induce morphisms of varieties. Let M at i×j denote the vector space of i × j matrices. Lemma 9. Let U ∈ M at i×j (k) and W ∈ M at j×i (k) with rank (U ) = rank (W ) = j ≤ i. Then, the left inverse of the matrix U is
and the right inverse of the matrix W is
where U T and adj (U ) denote the transpose and adjoint of the matrix U , respectively.
We will need the following result on homomorphism of vector bundles. We refer to [4] for details.
Proposition 10. Let f : E → F be a map of vector bundles over X. Suppose that the rank of f x remain constant as x varies over X. Then ker (f ) and im (f ) are sub-bundles of E and F , respectively.
The smooth morphism from comhom
The aim of this subsection is to prove the following lemma, which is the first half of the theorem.
Lemma 11. The morphism π :
is smooth with irreducible rational fibres.
We prove the lemma by decomposing π into smooth morphisms
where π i : X i−1 → X i are projection maps and X i are defined as follows. Let X 0 := comhom Λ d,r , X 1 is the set of tuples (∂ i , η i , φ i , γ i ) i∈Z obtained by projecting X 0 via π 1 , X 2 is the set of tuples (∂ i , η i , φ i ) i∈Z obtained by projecting X 1 via π 2 , X 3 is the set of tuples (∂ i , η i ) i∈Z obtained by projecting X 2 via π 3 , X 4 := comproj Λ d,r , and the maps π i are restrictions of the projection maps.
is an isomorphism of varieties.
Proof. We prove the lemma by constructing an inverse of π 1 . After fixing bases we may view all maps and representations as tuples of matrices. Let (∂ i , η i , φ i , γ i ) i∈Z ∈ X 1 . Since γ i : M i → k h i is an epimorphism, it has a right inverse γ 
which is the inverse of π 1 . This completes the proof of the lemma.
The proof of the following lemma is similar to the proof of Lemma 17 in [3] , and so we skip the details.
Lemma 13. The map π 2 : X 1 → X 2 , given by
is a locally trivial Gl h -bundle.
Any locally trivial Gl h -bundle is a smooth morphism, and so π 2 is smooth. Lemma 14. The map π 3 : X 2 → X 3 , given by
Proof. We prove that π 3 is an isomorphism by constructing an inverse morphism (π 3 ) −1 . We fix bases and assume that all maps are given by matrices. Given any (∂ i , η i ) i∈Z ∈ X 3 . Since η i is a Λ-monomorphism, it has a left inverse η
. For any i ∈ Z, we construct a Λ-homomorphism
i ∂ i i∈Z is a morphism of varieties, and it is the inverse of π 3 , which completes the proof of the lemma.
Finally, the smoothness of π 4 follows from the following lemma and the fact that vector bundles and open immersions are smooth.
Lemma 15. The map π 4 :
is the composition of an open immersion with a vector bundle with base comproj Λ d,r . Proof. Without lost of generality we may write 
is the kernel of the morphism of trivial vector bundles
. On fibres, the kernel is isomorphic to i∈Z Hom Λ (M i , ker(∂ i−1 )), which has constant dimension since M i is projective, and so π ′ is a vector bundle by Proposition 10. The map π 3 is therefore the composition of an open immersion with a vector bundle with base comproj Λ d,r . The lemma follows.
As before, let M = i∈Z M i , and
Corollary 16. π 4 is a locally trivial Aut Λ M -bundle.
Proof. The proof of Lemma 15 shows that on fibres, the kernel of the trivial bundle is isomorphic to
on fibres the maps that belong to X 3 are the injective maps. Now, the set of all injective maps in Hom Λ (M i , ker
. Hence, π 4 is locally trivial with fibres Aut Λ M -equivariantly isomorphic to the group Aut Λ M .
Having proved that π i are smooth, we can conclude that π is smooth. Also, the previous four lemmas show that the fibres are rational and irreducible, and so Lemma 11 follows.
As a consequence of the proofs, we have the following dimension formula.
Corollary 17.
Proof. The sum i∈Z h T i h i computes the dimension of the fibre of π 2 and the sum i∈Z (Θ −1 k i ) T k i is the fibre dimension of π 4 . The formula follows.
3.2.
The smooth morphism from comhom Λ d,r to rep Λ h . The aim now is to prove the following lemma, which is the second part of the theorem.
Similar to the case of π, we decompose
and prove that each ρ i is a smooth morphism. We let ρ i : Z i−1 → Z i be projection maps, where
is the set of tuples (η i , φ i , γ i , H i ) i∈Z obtained by projecting Z 0 via ρ 1 , Z 2 is the set of tuples (φ i , γ i , H i ) i∈Z obtained by projecting Z 1 via ρ 2 , Z 3 is the set of tuples (γ i , H i ) i∈Z obtained by projecting Z 2 via ρ 3 , Z 4 := rep Λ h,r , and the maps ρ i are restrictions of the projection maps.
Proof. The morphism ρ 1 has an inverse given by
Since open immersions and vector bundles are smooth, the following lemma proves smoothness of ρ 2 .
Lemma 20. The map ρ 2 : Proof. Let Y 1 be defined as Z 1 , but without the restriction that η i should be a monomorphism. Then Y 1 is isomorphic to the kernel of the homomorphism of trivial vector bundles Although, the fibres of ρ 2 are isomorphic to Aut Λ M , they are not in general closed under the action of Aut Λ M , and so ρ 2 is not a Aut Λ Mbundle. This is because homology of a complex does not determine its quasi-isomorphism class for an algebra of global dimension two.
Lemma 21. The map ρ 3 : Z 2 → Z 3 defined by Proof. Let Y 2 be defined as Z 2 by changing the property im (φ i ) = ker (γ i ) into γ i φ i = 0 for all i ∈ Z. Similar to the proof of Lemma 15, the projection Y 2 → Z 3 is the kernel of a homomorphism between two trivial vector bundles with base Z 3 , which has fibres isomorphic to i∈Z Hom Λ (P d i , ker(γ i )) and so Y 2 → Z 3 is a vector bundle. There is an open immersion Z 2 → Y 2 with image those tuples with im (φ i ) = ker (γ i ) for all i. Therefore ρ 3 is the composition of an open immersion with a vector bundle with base Z 3 , and the proof is complete.
Lemma 22. The map ρ 4 :
is the composition of an open immersion with a vector bundle with base rep Λ h,r . Proof. Let Y 3 be defined as Z 3 , but without the restriction that γ i is an epimorphism. We prove that the morphism Y 3 → rep Λ h,r is the kernel of a map between trivial vector bundles. Choose i ∈ Z and for simplicity write (γ, H) = (γ i , H i ). There is a homomorphism of vector bundles
, (H α )) . On fibres, the kernel is isomorphic to Hom Λ (M i , H) which has constant dimension since M i is projective, and so the kernel is a sub bundle by Proposition 10. Since Proof. The sum i∈Z (h T i h i + d T i r i ) is the dimension of the fibre of ρ. The corollary now follows from Corollary 17.
Applications and Examples
We start by proving the two corollaries stated in the introduction.
Proof of Corollary 2. Each of the morphisms π i : X i−1 → X i induce a bijection between the irreducible components of X i−1 and its image im(π i ) = X i . As π is surjective, we have a bijection between the irreducible components of comproj Λ d,r and comhom Λ d,r . Similarly, there is a bijection for comhom Λ d,r and the image of ρ. The corollary follows.
Proof of Corollary 3. Since Λ is hereditary, rep Λ h is vector space which is both smooth and rational. Using the morphisms ρ i and π i we therefore have that comproj Λ d,r is both smooth and rational. The irreducibility of comproj Λ d,r follows from Corollary 2. We end this paper with an example.
Example 24. Let Λ be given the quiver
with the relation βα = 0. Consider the dimension array where only the latter two have the required presentation. In total there are therefore 4 irreducible components in rep Λ h,r , and therefore also in comproj Λ d,r .
